In the monocosm model the logic of the observer is linked to the perceivable structures of the environment, with the main result stating that if the logic is set to Boolean, the observer sees the Lie group of nonzero quaternions as her spacetime. In this note we take a closer look at this manifold. In particular, we study natural coordinate systems, vector, basis, and metric fields on it. In particular, it is shown that it carries a family of natural FLRW metrics.
Introduction.
The notion that appearance of things depend on the way you look at them is formalized in monocosm [1] , which links operational logic of rational observer with the dimensionality, possible types of metric and topology of the spacetime he perceives. To establish the terminology and notation, we provide a compact technical setup of the monocosm model below.
Definition 0.1. Let F be a partially ordered field. A Boolean F-observer is the category A[F] of linear algebras over F, with objects as paradigms and arrows as shifts; the field F is referred to as the protensity. For a paradigm A: states of knowledge are elements of the algebra A; a principal metric is the structure constant tensor A(ω; a, b) of A together with a one-formτ (called an ether form) on the additive linear space S A of the algebra A, provided A(τ ; a, b) is symmetric in vector arguments a and b; the sensory domain is S A together with all the principal metrics of the paradigm A; elements of S A are reflexors; the motor domain is the multiplicative subgroupoid M A of the algebra A, generated by the set of all nonzero elements of A. A paradigm A is (ir)rational if M A is (not) a monoid. If A is a rational paradigm and the topos of M A -actions, M A • Set, is Boolean, the paradigm A is consistent, the topos M A • Set is the monocosm of A. A consistent paradigm of maximal finite dimensionality, if it exists, is a home paradigm.
Intuitively, we are to understand reflexors as elementary experiences of an individual. For rational finite-dimensional paradigms of the Boolean Robserver it is possible to define the observable spacetime of the paradigm, as the (multiplicative) Lie group A of all invertible elements of A. Notice that the Lie algebra of A is simply the commutator algebra [A]. The main result of [1] is that for the Boolean R-observer a home paradigm H exists, is four-dimensional, with Minkowski principal metrics. H is isomorphic to the quaternion algebra H, with the group H of nonzero quaternions as its spacetime H ∼ = SU(2) ⊗ R + , (R + is the multiplicative group of positive reals). We shall study natural geometric structures on this manifold. The main result of the note is that natural metrics on H are Lorentzian.
1 Natural coordinates on H.
The basis of unit quaternions (1, i, j, k) on S H is distinguished in the sense the it canonically generates the quaternion algebra H, i. e., any fourdimensional real vector space V containing a basis whose vectors acquire the multiplicative behavior of the unit quaternions, becomes isomorphic to the quaternion algebra H. However, any other basis related to the canonical basis (1, i, j, k) on S H by a matrix
generates H in exactly the same manner. Thus there is a class of canonical bases on S H whose members differ from one another by a rotation in the hyperplane of pure imaginary quaternions. Each canonical basis (i β ) induces a "perfect" coordinate system (w, x, y, z) on S H , considered as a (linear) manifold, and therefore also on its submanifold H: a quaternion a = a β i β is assigned coordinates (w = a 0 , x = a 1 , y = a 2 , z = a 3 ). This coordinate system covers both S H and H with a single patch. Notice that since 0 / ∈ H, at least one of the coordinates is always nonzero for any point p ∈ H. For a real differentiable function R ≡ 0 there is a system of natural spherical coordinates (η, χ, θ, φ) on H, related to the canonical coordinates by
2 Natural frame fields on H. 
The system (1) contains sufficient information to compute transformation between the bases. The transformation between the canonical coordinate basis (∂ w , ∂ x , ∂ y , ∂ z ) and left invariant basis (i β ) is given by the matrix of the differential of left translations, easily computed from (1):
Each column of this matrix consists of components (in the coordinate basis) of the corresponding vector of (i β ). Similarly, the transformation between the canonical coordinate basis (∂ w , ∂ x , ∂ y , ∂ z ) and the spherical basis (∂ η , 3 Natural extensions of the structure tensor.
The structure tensor H can be naturally extended in each of the above bases, by letting its components in a basis be constant and equal to the components at the identity of H. However, it is easy to see that all left invariant bases generate the same extension (up to rotation in the hyperplane of pure imaginary quaternions), while each coordinate basis generates its own extension. Therefore the left invariant extension is "more natural" than the others, which is the case for an arbitrary tensor. The extension (also denoted H) is given by the following four matrices
These are the components of H in a left invariant basis (i β ) at any point p ∈ H.
Principal metric extensions.
For each τ ∈ R an ether formτ with components (τ , 0, 0, 0) in (the dual of) a proper basis converts the structure tensor into a principal metric. If we take a one-form fieldτ with components (τ (p), 0, 0, 0) in the left invariant basis (i β ), its contraction with H generates an extension of a principal metric. It is easy to see that in the spherical basisτ has components ((R/Ṙ)τ (p), 0, 0, 0), which means that τ must depend only on η. Then its contraction with H produces a natural metric whose components in the spherical basis are
If τ (η) > 0, we take R(η) such that τ (η)(Ṙ R ) 2 = 1, which yields
In other words, with R(η) satisfying (2), the metric is closed Friedmann-Lemaître-Robertson-Walker:
where the "expansion factor" a(η) := τ (η). If τ (η) < 0, we take R(η) such that τ (η)(Ṙ R ) 2 = −1, and we obtain
Hence with R(η) satisfying (3), the metric is also closed FLRW:
where the "expansion factor" a(η) := −τ (η). Thus the natural geometry of the group of nonzero quaternions H is a family of closed Friedmann-Lemaître-Robertson-Walker cosmologies.
5 Integral curves of LI vector fields on H.
The system (1) can be presented as a system of linear differential equationṡ w = aw(t) − bx(t) − cy(t) − dz(t), x = bw(t) + ax(t) + dy(t) − cz(t), y = cw(t) − dx(t) + ay(t) + bz(t), z = dw(t) + cx(t) − by(t) + az(t), (4) Given a pointp ∈ H with coordinates (w,x,ȳ,z) a solution of (4) is (the parametric form of) an integral curve, throughp, of the left invariant vector field on H, generated by ζ ∈ H:
w(t) = e at (W sin ωt +w cos ωt), x(t) = e at (X sin ωt +x cos ωt), y(t) = e at (Y sin ωt +ȳ cos ωt), z(t) = e at (Z sin ωt +z cos ωt),
where 
